Team Test





	(1)	How many distinct 8-letter permutations can be made from the letters TEAMTEST?





	(2)	Solve for � EMBED Equation.2  ���: � EMBED Equation.2  ���





	(3)	The ordered triple (p,q,r) is called a prime triplet if � EMBED Equation.2  ��� and p, q, and r are all prime.  Find all prime triplets (p,q,r) with � EMBED Equation.2  ���.


	


	(4)	Let p be a root of � EMBED Equation.2  ���.  Compute � EMBED Equation.2  ���.





	(5)	What is the sum of the perfect squares less than one thousand?





	(6)	Two circles of radii 4 and 9 are externally tangent.  Their common external tangents meet at a point that is p units from the center of the of the circle of radius 9. Find p.





	(7)	For the function f(x), � EMBED Equation.2  ��� for all real m, n.  If � EMBED Equation.2  ���, find f(64).





	(8)	What is the area of a triangle whose sides are 10, 12, and 18?





	(9)	Square ABCD has an area of 192 square units and is inscribed in square EFGH, which has an area of 224 square units.  Point A lies on EF and is x units from E and y units from F.  Find the product of x and y.





	(10) Let � EMBED Equation.2  ���, � EMBED Equation.2  ���, and � EMBED Equation.2  ���, where k is a constant.  If h is continuous on the interval � EMBED Equation.2  ���, what is the value of k?


�
Team Test Solutions





(1)	If all 8 letters were distinct, there would be 8! permutations.  However, there are 3 T’s, and it doesn’t matter which order they appear in, so we divide the result by 3! or 6.  Likewise with the 2 occurrences of E.  Hence the number or permutations is � EMBED Equation.2  ���3360





(2)� EMBED Equation.2  ���, which is cis� EMBED Equation.2  ���, so q = p/2





(3) Every positive integer can be written uniquely in the form � EMBED Equation.2  ���, where k is an integer and � EMBED Equation.2  ���.  Clearly, p, q, and r must all be odd, so we they must be in a sequence of the form � EMBED Equation.2  ���, � EMBED Equation.2  ���, � EMBED Equation.2  ���, or � EMBED Equation.2  ���, � EMBED Equation.2  ���, � EMBED Equation.2  ���, or � EMBED Equation.2  ���, � EMBED Equation.2  ���, � EMBED Equation.2  ���.  In each case, there is a number that is divisible by 3, namely � EMBED Equation.2  ��� or � EMBED Equation.2  ���, so it would seem that no prime triplets exist.  However, if k is 0, then we get 3, which is a prime.  The triplet (1,3,5) is invalid because 1 is not prime (or composite).  The triplet (3,5,7) is valid, and we have shown that a triplet must contain 3 to be a prime triplet, so the only solution is (3,5,7).





(4) Expanding � EMBED Equation.2  ��� gives � EMBED Equation.2  ���.  By definition of a root, � EMBED Equation.2  ���, so � EMBED Equation.2  ���-2.





(5)	We are asked to evaluate � EMBED Equation.2  ���for n=31, which can be represented in closed form as � EMBED Equation.2  ���.  When n=31, the answer becomes 10416.





(6) If p is the distance defined in the problem, then � EMBED Equation.2  ��� is the distance from the center of the circle of radius 4 to the intersection of tangents.  In each circle, a radius can be drawn from the center to the point of tangency.  Thus, we have similar right triangles, with a common vertex at the intersection of the tangents.  By similar triangles, � EMBED Equation.2  ���.





(7) Recognize that � EMBED Equation.2  ���4.





(8)	Best solved using Heron’s Formula:  � EMBED Equation.2  ��� where s is the semiperimeter (a+b+c)/2 and a, b, and c are the sides.  In this case � EMBED Equation.2  ���





(9) By the Pythagorean theorem, � EMBED Equation.2  ���.  Furthermore, � EMBED Equation.2  ��� 224.  Subtracting the first equation from the second, we have � EMBED Equation.2  ���16.





(10) By definition of a limit and continuity, � EMBED Equation.2  ��� .  We can either divide the numerator by the denominator - not as difficult a task as it may seem as a pattern develops - or apply L’Hopital’s rule, as the numerator and denominator both equal 0 at � EMBED Equation.2  ���.  Applying L’Hopital’s rule, we have � EMBED Equation.2  ���1997.








